MATH 10550
SOLUTIONS TO PRACTICE FINAL EXAM

1.C te li v 4
.Compute lim ———.
P xﬁzle:2—5l’+6

Solution
When z # 2,
2 —4 (x—=2)(z+2) z+2
22— br+6 (x —2)(z —3) T 2-3
So

. x2—4 2+2
lim = =

= = —4.
e—2- 22 =br+6 2-3

2
v —9
2. Compute lim — )
) z—0t sinx

Solution

If x is close to 0 but larger than 0, then the denominator sin z is a small
2

x —

positive number and 22 — 9 is close to —9. So the quotient — is a

sin x

large negative number. So
.22 =9
lim

z—0t SInx

= —0OQ.
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3. Evaluate lim (Va2 —x — V22 + 5x).

T—00

Solution

Va2 —x+ V1?2 + 5z
lim (Va2 —x — Va2 +5z2) = lim (V22— 2 — Va2 + 5z
x—m( ) w—m( )\/x2 —x+ V12 +5z

(22 — x) — (z* + bx)

= lim
z—00 \/32 — x4+ /22 + b
) —6x
= lim
—6
= lim <
a1 -1 4ay /143
—6
= lim
:Hoo\/l_%Jr\/Hg
_ —6 = _3
VI—0+V1+0 '
4.
ar+1 <0
Let = ’
et f(z) 2+1 x>0.
For what constant a is f differentiable everywhere?
Solution

f is clearly differentiable for z < 0 and for > 0. For x < 0, f'(z) = a,
so lim f'(z) = a. For x > 0, f'(x) = 2z, so lim+ f(z) = 0. For f to
z—0

z—0~

be differentiable at 0, we need a = lim f'(x) = li%l+ f'(z) =0.

z—0~
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tan 2
5. Compute lim an et
—0 sin 3x
Solution
tan 2x . sin 2x
lim — = lm-—7
z—0 sin 3x z—0 cos 2% - sin 3x
) (sin 2x 1 x )
= lim . - —
z—0 T cos2x sin 3z
. 2sin2x 1 . 3z
= lim - lim im —
z—0 2% z—0 COS QZB z—0 3sin 3z
. sin2z . 1 1. 3z
= 21 - lim - — lim —
z—0 2x  2—0cos2x 3z—0sin3x
1 2
= 2(1)-1-=(1) = —.
(1)1 501) =

Vidx? 1
6. Compute lim &

r——00 31’ — 1
Solution.

Note x = —v/ a2 for x < 0. Multiply the top and bottom of —V‘lg;ﬁ“
by to get

Vi +a+1 VAP ta+l A+ (1x)+ (1/47)
3v—1 L @Bz-1) 3—(1/x) '

V4 2

Hence the limit as £ — —oc0 is —— = ——.

3 3

7. Compute the tangent line to the ellipse given by the equation
r? 4+ 4y* = 5 at the point (1,—1)
Solution. If we take the derivative with respect to both sides of the
equatlon we see 2x + 8ydy =0, or Zg = —ﬁ. So the slope at (1, —1) is
1. Thus the tangent line at (1, —1) is

y+1= i(m - 1),
or
8.Let F(z) = f(g(x)). Compute F'(2) using the following informa-
tion:
f(=1) = =3, f(2) =12, g(=1) = =7, 9(2) = -1,
f(=1)=2,1(2)=84(-1)=-1,4(2) =5
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Solution. Using the chain rule, F'(z) = f'(g9(x))¢'(z), so F'(2) =
f'(9(2)g'(2) = f'(-1)-5=2-5=10

9. For y = (sin4x)®, compute y'.
Solution. Using the chain rule a total of three times, we get
d d
y =8 - (sindx)” - %(sin(élx)) =8 (sindz)" - cos4x - %4:5
=32(sin4z)" cos 4.

10. How many inflection points does the curve y = %J + % have?
Solution. First we note ¢/ = z'+23 and 3’ = 423+ 322 = 2%(42+3).
Hence y” = 0 at x = 0 and 2 = —3/4. However, 3y’ < 0 in (—oo0, —3/4)
and y” > 0 in (—3/4,0) and (0, 00). Hence only —3/4 is the inflection
point.

11. Compute the derivative g’ for the curve y/x? + y?> = 2+ y at the
point x =4, y = 3.
Solution. Taking the derivative of both sides of the equation and
using the chain rule gives 1/2(x2+52)~/2(224+2yy’) = v/. So evaluating
at the point z = 4,y = 3, we get 1/2(4% +32)71/2(2-44+2-3y) = ¢/
gives 1/10(8 4+ 6y’) = 3’ which we can solve for to get y' = 2.

12. A kite 100 ft above the ground is flying horizontally (away from
its holder) with a speed of 16ft/sec. At what rate is the angle between
the string and the horizontal direction changing, when 200 ft of the
string have been let out?

Solution. The kite is at a constant height of 100ft with a length of = ft
away. So using some trigonometry, we see that if 0 is the angle between
the string and the horizontal direction, tanf = 100/x. Taking the

derivative with respect to t gives sec? 9% = —1003:*2‘2—? = —1600z~2
since the kite is flying away at 16ft/sec. When 200ft have been let out,
sinf = 1/2 and 6 = 7/6. At this value of 6 we have 4/3% = —__1800_
or

dg 1200 1 radians

dt 30000 25 second

13. Find the linearization of f(z) = v/10 — 22 at a = —1.
Solution. The linearization of f(z) at a = —1 is L(z) = f(a) +
f'(a)(x—a). Ata= —1, f(a) =3 and f"(x) = 1/2(10 — 2?)~/2. (—22)
so f'(a) = 1/3 and substituting back in gives f(z) =3+ 1/3(x + 1).
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14. Find all local maxima and minima of the function f(z) = 2|z| —
2 — 1.
Solution. Taking the derivative of 2o — 2% — 1 for > 0 gives f' =
2 — 2x which means a critical point is at x = 1. Taking the derivative
again and using the second derivative test gives = 1 is a local maxima.

Taking the derivative of —2x — 22 — 1 for # < 0 gives f' = —2 — 2x
which means a critical point is at z = —1. Taking the derivative again
and using the second derivative test gives x = —1 is a local maxima.

When x < 0 the function is increasing and when x > 0 the function
increases for small values away from 0 so it is easy to see that x = 0 is
a local minima.

202 4 x+1
r—1

15. Find all asymptotes of the curve y =

Solution. The curve y = Qxiffz‘l“ is undefined at x = 1 and so has a

vertical asymptote there. Now,
222 1
im crm e+l +00,
r—+00 r—1

so there is no horizontal asymptote. Let’s do long division to see if
there is a slant asymptope. One gets
el o g 4
rz—1 rz—1
Hence y = 2x+3 is a slant asymptope because as x — +00, 2x+3+;%1
goes to 2z + 3.

16. Find all the points on the hyperbola y? — 22 = 4 that are closest
to the point (2,0).
Solution. The distance formula between a point (x,y) and (2,0) is
given by
d(z,y) = Vy?+ (x — 2)2
We want to consider only points (z,y) such that y* — 2? = 4. Solving
for 4%, y* = 2® + 4. Substituting into the distance formula, we have

d(z) = Va2 +4+ (v — 2)2 = V222 — 4o + 8.
To minimize distance, we use the first derivative to find critical points.
dor — 4
2v/22% — 4z + 8’

If d(xz) =0 then 40 —4 =0 and so x = 1. Note d'(z) < 0 for z < 1
and d'(z) > 0 for x > 1. Hence d(x) decreases for z < 1 and increases

d(x) =
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for x > 1, and therefore d(z) realizes its global minimum at z = 1.
Because a hyperbola is not an actual function, there can be more than
one y associated with a particular z. Earlier we found y? = 22 + 4.
Then y = V22 +4. When z = 1, y = +v/5. So the two distance
minimizing points on the hyperbola are (1, 4/5).

17. A page of a book is to have a total area of 150 square inches,
with 1 inch margins at the top and sides, and a 2 inch margin at the
bottom. Find the dimensions in inches of the page which will have the
largest print area.

Solution. You should draw a picture for this problem. If [ is the
total length of the page, w is the total width, and A is the print area,
then

lw=150,A = (I —2)(w — 3).
We want to maximize A so we want to substitute in for one of the vari-
ables so that we can take the derivative. Note [ = 150/w. Therefore,

1 4
A(w):(%0—2)(11}—3):150—%—2104—6,

and

If A/(w) =0 then w? = 225 so w = 15. The first derivative test easily
shows this gives a maximum area. Since [ = 150/w, | = 10.

18. Newton’s method is to be used to find a root of the equation
22—z —1=0.
If x1 =1, find x,.
Solution. If we let f(x) = 2® — 2 — 1 then f’(z) = 32% — 1. Hence

f(z1) —1 fQ) =1 __1:1.5.

flley) @) 2

Lo = T1 —

19. Express the limit below as a definite integral.

"o T
li —sec? | —
i 3~ o (1)

Solution. It is probably easiest to guess first that the sum is a
straightforward Riemann Sum and only look for tricks if necessary.
Normally in a Riemann sum to n, n is the number of divisions of the
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interval. We should also expect the - to be the length of the subin-
tervals. Hence the total interval should be of length %. Then it is clear
that j;—z is simply the right-hand endpoint of the i-th interval. Hence

our limit is simply foﬂ/ *sec?(z)dx.

5x

20. If f(z) :/ cos(u?)du, find f'(x)

0
Solution. We want to apply the Fundamental Theorem of Calculus,
but cannot immediately. So we define

g(x) = / cos(u?)du
0
to get f(x) = g(bx). By the chain rule, f'(z) = 5¢'(z). Now we can
apply the Fundamental Theorem to g:
f'(z) = 5¢'(x) = 5 cos((5x)*) = 5cos(2527).

N
21. Evaluate the integral / xsin(z?)dx.
0

Solution. Let u = 2. Then du = 2zdx and

A L L .
rsin(z®)dr = 3 sin(u)du = —3 cos(u)lg =1/2+1/2=1.
0 0

22. Which of the following integrals give the area of the region below
the curve y = 2z and above the curve y = 2% — 427
Solution. You should draw a picture. We find the intersection points
of the two curves by solving

2r =1 —dr 2’ —6r=0=a(r—6)=0sx=0,6.

For small z, 2 — 4z < 0. In [0,6], the curve y = x* — 4z is below
y = 2x. This can be seen by taking, say, x+ = 1. Therefore the area
between the curves is given by

/06 <2x — (2% — 4x))dx.

23. Consider the area in the xy plane bounded by the curves y = 0
and y = z — 2%, If we rotate this area about = 7, what integral gives
the volume?

Solution. Draw a graph. Use the shell method. The two curves
intersect when 0 = o — x2. This happens for x = 0,1. Since we are
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rotating about the line x = 7 the radius of each shell will be 7—x. The
height of the shell will be given by x — 2. Therefore the integral is

/01 o(7 — 2)(z — 22) dz = 27?/01(7 — 2)(z — 2?) da.

24. The plane region bounded by the curves y = 2 and y = 242z —2a?
is rotated about the x axis. What integral gives the volume?
Solution. Draw a picture. Use the disk method. The two curves
intersect when 2 = 2 + 2z — 2?. Then 2? — 2z =0, z(x — 2) = 0, and
hence z = 0,2. By testing a Value, one sees that y = 2 + 2x — 22 is
above y = 2 for x between 0 and 2. Since we are rotating about the
x-axis, the inner radius is 2 and the outer radius is 2 4+ 2z — 2%. Hence

the correct integral is
2

/27r<(2+2x —2%)? — 22>dx = 7r/ ((2+2$ — z%)? —4)d:v.

25. The function f(z) = /16 — 2z is continuous on the interval
[0,8]. What is its average value on this interval?
Solution. By definition the average value is % f08 V16 — 2z dx. To-
ward finding the antiderivative of the integrand, we make the substi-
tution v = 16 — 2z. du = —2.
12 4y 1

/\/16—253 dx———/\/_du——23 §(16—295)3/2.

Gomg back to our expression for average value, we have

11 64 8



